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Laser: Theory and Modern Applications
ECOLE POLYTECHNIQUE FEDERALE DE LAUSANNE (EPFL)

Solutions to homework No. 3

Attention: for some exercises the given solutions are not the same as found on the exercise
sheet. The main calculation remains the same.

1 Fabry Perot Etalon

1. Finesse § & VESR
ov
The resonance frequencies of a Fabry-Perot resonator are where % =m- 7T
w 4mvnd
p=2-k-d=2-—n-d= c

. mc
Resonance frequencies v, = 2d d,m eIN
n

) mcrm
Resonance frequencies w,, = —d,m €N
n

c
Free spectral range FSR = Vrsgr = V41 — Vm = 70

Let’s see just one resonance frequency vy

¥

50%-

Full width at half maximum év = 2v Y where v 1 is the frequency for which T = 50%

Transmission coefficient T :

r= 1T _ L _1
" Lin  14Fsin®(¢/2) 2
. 2 . 2 1 ) 1
= Fsin“(¢/2) =1 = sin“(¢/2) = 7 = sin(¢/2) = 7
1 1—-R 1-R
F>>1=sinx~x = /2:\/7::> -
PETVFTR TR
47‘[1/%11(1 1_ 1-R ¢
c VR = VR 2mnd

Finesse § & YESR _— € . VR 27tnd _ VR
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2. Example:

n=144—=— R =0.33

c 3 x 108

VESR = 5 0= 3 144 .1x 103 (041 GHz

3. If no mirror absorption: T = 1 — R. With absorption: T =1—-R —«

I, = Ry, I} =TI, Iabs =uliy, iy = abs T+ I + 1

Er - \/EEin/ Et = ﬁEin

Assume two mirror are the same:

ol |E > _EE (vTiToe R (/T ToeM)
I; E; E;E} (1 — v/RyRpe~2k) (1 — /Ry Rpei2kl)
TZ eie +e—i9
= [ Re _Re PH LRz ¢ sl ="7
TZ
= 2sin?(¢) =1 — cos(#
T 2Rcos@i) 2 25 (2) cos(6)
T2
"~ 1—2R(1 —2sin?(kl)) + R?
B T2 g AR
(1 — R)2 + 4R sin(kl) (1—R)2
T?/(1 — R)?
1+ Fsin~(kl)
(1—R—a)? 1

(1-R)? 14 Fsin®(kl)

4. In order to observe resonances with the peak transmission > 0.5:

1-R—a)?
((1—12)2() >05=2(1—-a—R)?>> (1-R)?
=2(1-a)*>—4(1—a)R+2R*>>1—2R + R?
= R+ (—4(1—a) +2)R+2(1—a)*—~1>0
= R*+ (40 —2)R+ (1 —4a +24%) > 0
—(4a —2) £ /(40 — 2)2 — 4(1 — 4a + 242)
2

_(4a—22)i2ﬁa 1204 V3

Rip =

Then, the minimum reflectivity R necessary to have resonant transmission > 0.5, is
R—1-2a—2a

Because, otherwise will produces a negative transmission which is not physical.
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2 Input-output relations for an optical resonator

1. Input field is E;j,e !, intracavity field is Ee~"“!, spacing between the mirrors I
Ee*iwt — tlEinefiwf + tlrerEinefiwtefiZkl + tlr%r%Einefiwtefiﬁlkl 4.

— tlEineflwt . |:1 + rlrzefZZkl + 7’%1’%6714]{1 4. }

; 1
_ P (7
= tlEme |:1 — 71726i2k1:|

f1

— _E. —iwt
1—ryrge—0 "
f
—E=———F;
1—rirpe @ "
where w
¢ =2k =221

2. We know that at resonance

I
¢=m-2nzz%nzz>m:wm”

7IC
Let’s take a detuning wy,; close to cavity resonance frequencyw,,, A = Wyt — Wy,

Wy + A

¢ =22y — o

nl:2ﬂnl+2§nl:m-2n+5¢
c c c

— 5 = 2wnz
use 1:
eIt = pTi2mpi0p — p—idp (&P;d) 1—is¢
use 2: ol ol
n n
0p = — (Wt — W) = — - A
c c
use 3:

R+T:1—>r2+t2:1—>r:\/1—t2—>r1r2:\/(1—t{)(1—t§)

ho_ t2 (t<<D) 1 ~ b
rra 1-82-8—12 1—12 -1

1- 1—\1-6-8 VIFi=1+43 1
nr ! 2:1—\/1—@—@( ~ ﬂl—[l—(t%—kt%)}
nr J1-8 -8 2

1
= E(t%‘f%)
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Then we can derive:
H t
1-— 7’17’26_l¢ 1-— r1ry + i71r25¢
f
. 2nl
(1 =ryr2) +irry22A

. riry 2nl
- (1—7’172) C .
rry  2nl + 1A
hoc 2nl
o 111 2nl c
- (177‘17‘2) Cc . 2ul
rira W + ZA Zl

tl C
Vol 1
(1-rr2) ¢ . ol
rira 2nl +iA %

2
N t1ﬁ 1
B+ 82)5 +iA 2nl
C
v/ K1 1

%(Kl + Kz) 4+ iA . 2nl

[

ct? ct2

:>K1=27111,K2=@,K=K1+K2:

(2 +13)
2nl

3. Inclass we saw photon life time T,

2nl

T (1= RiRy)
So the «k can be related to 7,

_c(f+85) c(1-Ri+1—-Ry) c(1—RiRy) 1
- o2ml 2nl o 2nl Ty

Assumptions are as shown in the class:

Ri=1 Rox=1 =T1-Th =0
—(1—-Ry)(1—Ry) ~0
—1— Ry — Ry + RiRy ~ 0
—1—-—R;— Ry~ —R1Rp
—2—-—R;—Ry=1—RiR,

Ein(t) = / ¥ EnlQled0

—0o0

a(t) = v/2dn/cE(t)
/°° (i(A — Q) +x/2)a[Q)e ¥dQ = \/ﬂ/jo Ein[Q)e™*d0)

—00

/ iQa[Qe~dQ) = —;ta(t)
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, d
(iA+x/2)a(t) + aa(t) = K1Ein (1)
d .
a(t) = — (0 + x/2)alt) + G En (1)
3 Multimode laser diodes : cavity length and Fabry-Perot analyzer
1. The mode spacing of a resonator of length [}, is
c
Av = 1
znllaser ( )
From the graph it can be seen
AN = 0'4;“’" — 0.0057nm )

In order to be able to use equation 1, we need to convert this wavelength bandwidth AA
into a frequency bandwidth Av. It is incorrect to apply the relationship v = § to wavelength
or frequency intervals (i.e. Av = £; does not hold). The correct formula for intervals can be
found by differentiation:

Cc C
V:X:>5V:—ﬁd)\

As long as the intervals remain small, the differentials can be replaced by finite differences
(dA = AN, dv = Av). By dropping the minus sign (it indicates a change in the direction of
the interval - this is not relevant here), and by substituting v = { , we can obtain a formula that
is easy to remember :

A ad
voA

Starting from this formula, we can carry out the conversion as follows:

Av AL AA AN A=403nm

7_7:>Ay_7v_ﬁc ~ 105GHz
From equation 1 :

c
Zlaser = m = 550]/[7’11

2. Etalon Design The free spectral range of the Fabry-Perot is

AVpsg = /AVrange > 1lnm

anfztulon

AN (1-1079)(3-108)
A2 = (405-1079)2

Avpsg = AVrange =
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= letalon < M ¢ n;l 82}1771

-1875GHz
The resolution of the Fabry-Perot etalon is taken as 10% of 105 GHz

AVEwHMetalon = 10.5GHz

This results in a required resonator finesse

AVFSR _ 1829GHz
AVFWHM N 10.5GHz

The relationship between finesse F and mirror reflectivity can be described as

F = =178

F = fl/i = F?R* —RQF*>+ 1)+ F2 =0
R~ 2F2+ M2 £2Fm
B 2F2

Since only (-) gives a physical value for R

m®  on
R=14— — =
TR F
= R =98.26%
Letaton = 82‘1471’1

n = 1(in air)

letalon =80um

e ————————e

R=98.26%

3. Coherence length

o (3-108m/s)
©h = huAv — (2.6)(736 - 109Hz)

= 156um

4 Four Level System

1. Steady State

_ _ _ T —
0= TN + TN, = Ny = == N,
10

. _ _ P _
0=PNy—TI7,1N, = N, = — - Ny
Iy
o = = T —
0——PNO—|—F10N1:>N0—?~N1

from this follows
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Tin —
Np= Ny (3)
21
I'o =
No=—"—.N 4
0=73 M 4)
NT:N() —|—N1 +N2 (5)
from equation (5) we get the following:
I'o - — T <=
N+ N+ 2. N =N
P 1+ N1+ Tor 1 T
T LA
— (T10l'21 + PI'oy + PT'yo\
N 1( PTy ) = Nr
PTy
N = N
T Tyl + P(T'21 +T1p) r
PT'»;
3) = N, = N
®) 27 Tyl + P(T'y1 +Tho) T
— IETYE
(4) — NO _ 101 21

N
I'10I'21 + P(T'21 +To) T
subtracting N1 from N2 yields the solution:

= P(T'yp—T21)
N>, — N =
2 U Tyl + P(T'y1 +Tp) r

2. Ratio between three and four level system Three level system:

P -T2

ANr =N; —N; = T, VT

(P + F21)ANT = (P — 1"21)NT
PANt +T721ANt = PNt —I'»1 Nt

— P(ANT — Nr) = —T'(ANr + N7)

- _ T (ANr + Nr)
3level threshold NT _ ANT
Four level system:
P(Typ—T
AN, ( 10 21 )

= T
I'10I'21 + P(T'21 +To)

T'10I'21ANT + PANT(le + Flo) = P(rlo — le)NT
P[(T10 —T21)Nr — AN7(T21 + T10)] = T10T21ANT

I'1oI'21ANT
Nr — ANt (T'p1 +Tp)

(P)4leve1 threshold = (Flo _ r21)

we will assume I';g >> I'p; and P
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I'10I'21ANT I'21ANT

~ _

P = =
( )4level threshold FlO NT _ rlO A NT NT _ ANT

This results in

(P) dlevel threshold _ IxnANy  Nr—ANr _ ANr
(P)3tevel threshold N7 — ANTT21 (AN + N1r)  AN7+ Nr

6 Threshold of Nd :YAG, Ruby and He-Ne laser

1. Population inversion threshold

A2A
g(v) = ANo(v) = AN==25(v)
8
1 1
Q= —iln(rlrz) +ax ﬁ(l —1r2) +a
987
AN = 87
)LZAle(v)
1 4In2
D ler: =
oppler:s(vp) 5 < min p-
He-Ne:
1 0.002
= 1—0.988 -0.98 —— =399-10
8 =535 ( )+ 330 om™
3.66-1072-8- 7 - 1500 - 10°
ANHE—NE = i
_ n
(0.6328-10-6)2- 1.4 -106 - , / 42
— 27,1082 _ 5790020
cm
Nd-Yag:
1 0.03 o
9= —= 710 (1-1- 096)—{—72 0 =35.1073
0yacAN = g
ANyag = 3510 3em1 - — L _cm2 = 116 1016107
yaG == 3-10-19 cmd
Ruby:
1 0.03
8= 5% ( 096)+25 0 3cm™
St 7-1073 17atoms
AN = = =26-1
R by 2.7 10 20, 610"

=The population inversion for gas laser (He-Ne) is considerable lower than for solid state
lasers. =>The Nd :Yag inversion population at threshold is one order of magnitude lower than
for Ruby.
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2. 3-level power threshold
p 1
(*) = EhV31NTF21

v
Ruby:
A = 505nm
¢ 3108 y
S T
— =3 55109 o0t

1
I = 500g(see table)

atoms

Ney = 23107 —
cm

For a more detailed calculation of Nt ¢, see the appendix at the end of the solution.
h=6.62-1074[] -]
vz = 5.94- 1014[%]
hvz; = 3.93-107 )]

Py_ 1 ~19 10p Wy oog0 W
() = 339310750023 - 107 [—5] = 2260

VRubyRed = 717°L = 7(0.2)%5 = 0.63cm’

— P = 1kW

3. 4-level power threshold

(5) = hvzoANTI%

husg = 1.55eV = 2.48-10719]

¢
ANp = 1.16- 10" 2272
cm
Ty, = 4406
P
(f) —248.10-19.1.16-10% . 44 -10° — 12.65 "
4 cms

V = 7(0.2)* - 10 = 1.25¢m>
= P = 159W
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Appendix - Density of Chromium atoms in Ruby Ruby : Al,O3 = Atomic mass: 2Al +
30 = 101.96g/mol (u)
Chromium : 51.99¢/mol (u)

Mass of Cr _ NCr[u£;@5]51-99[atﬁm] V[cm3]
Mass of AbO3  Naj,0,[“2%21101.96[ 4]V [cm?®]

atoms o atoms 101.96
Nerl=55] = 0:05%Nako: = 5 5o

3
Density of Ruby (Corundum) : 4.05¢/cm?®. Number of molecules of Ruby : 2.3910%% molecules.

4.05[g]

= 2.39 - 10®molecul
101.96 (unified atomic mass) - 1.66 - 10~24[¢](mass of 1/12 C) fotecires

101.96 3 gatoms
51.99 239-10 =2310 s

= N¢, = 0.05%
7 Cavity frequency pulling effect [Reproduced from Milonni Chapter 5] We have mostly
ignored the effect of refractive index of the gain medium on laser oscillation, except insofar as
it enters into the equations for gain and threshold. However, it turns out that the refractive
index of the gain medium actually determines to some extent the laser oscillation frequency.
We will now examine how this occurs. A laser will oscillate at a frequency n such that the
optical length of the cavity is an integral number of half wavelengths. That is, L = mA/2, or
v = mc/2L = vy. This applies to the bare-cavity case i which the gain and refractive index of
the active medium are not taken into account. In general, however, the effective optical length
of a medium is not just its physical length and its refractive index n(v). To account for the
index of refraction of the active medium, therefore, we divide the cavity length into two parts
L =1+ (L —1), where lis the length of the gain cell and remainder is empty cavity. The optical
length of the gain cell is n(v)l. Thus

mc/2
v n(v)l+ (L —1) ©)

or

%[n(v) —1lv=vy—v 7)

Now let us assume that n(v) is determined primarily by the single nearly resonant, las-
ing atomic transition. In other words, we will assume that n(v) is essentially the resonant (or
?anomalous?) refractive index. Since other transitions contributing to the refractive index will
usually be off resonance by many transition linewidths, this will often be an excellent approx-
imation. In case of an absorbing medium the resonant refractive index is simply related to the
absorption coefficient and the same applies to an amplifying (gain) medium, simply by replac-
ing the absorption coefficient by the negative of the gain coefficient, So, for a homogeneously
broadened gain medium, we have

. _@Vﬂ -V
n(V) - 1 - 47_( 51/21 g(V) (8)

where 6171 is the homogeneous linewidth (HWHM). This leads to

LV [cg(v)l/4m] 4+ Vb

[Cg(l/)l/éln'] + vy )

10
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And for the cavity bandwidth (év. = CiS’L) l) we can write

V(v —121) = o1 (Vi — V) (10)

This shows that the actual frequency of laser is therefore pulled toward the center of the

gain profile and away from the bare cavity frequency. Rewriting of the cavity frequency we
can get

V910V / OV + Uy, I oV, OV,
= ~ 1-— R — — 11
v 1+ (51/5 /(51/21 <V21 51/21 * Vm) ( (51/21 ) Vi + (U21 Vm) (51/21 ( )

Which is the homogeneous broadening.

11





